Abstract. Tempered ultrahyperfunctions do not have the same type of localization properties as Schwartz distributions or Sato hyperfunctions; but the localization properties seem to play an important role in the proofs of the various versions of the edge of the wedge theorem. Thus, for tempered ultrahyperfunctions, one finds a global form of this result in the literature, but no local version.
Introduction
Nowadays, i.e., about fifty years after its discovery, there are many versions of the 'edge of the wedge theorem' which originated through the challenges of relativistic quantum field theory and the theory of dispersion relations for scattering amplitudes (see [1] ). In quantum field theory the important fact that the Wightman functions are holomorphic in the region of all totally space-like points is shown by a simple application of the edge of the wedge theorem.
The statements in these various versions of the edge of the wedge theorem assert the extendability of holomorphic functions defined in wedges in complex space C n with edge in real space R n , under certain conditions.
Recall the original version of Bogoliubov [1] : Theorem 1.1 (Bogoliubov) . Let C ⊂ R
n be an open proper cone with vertex at the origin and denote by C r = C ∩ B(0, r) the intersection of C with the open ball of radius r > 0 centered at the origin; for an open nonempty set E ⊂ R n introduce the wedges W ± = E ± iC r with common edge E. Naturally, in (1.1) it is important to specify in which sense the boundary values are considered. In Bogoliubov's version these boundary values are taken in the sense of Schwartz distributions. Note that for n = 1 and when the boundary values are taken in the sense of continuous functions, this result is easily proven by using Morera's theorem.
Over the last fifty years, this result has been extended in several directions:
• the type of generalized functions for the boundary values in (1.1), e. g., Schwartz distributions, Sato hyperfunctions, Fourier hyperfunctions, and ultradistributions; • the number m of wedges, m > 2;
• the 'topological nature' of the edge E, e. g., an open nonempty set or a maximal real submanifold. We comment here on the case of Fourier hyperfunctions. A Fourier hyperfunction f has two realizations. One is as a dual element of the test-function space O ∼ (D n ) and the other is as a formal sum
where F j (z) is holomorphic in a wedge W j = D n + iΓ j , that is, an element of the relativeČech cohomology group H n (W, W ′ ;Õ) which is isomorphic to H n D n (Q n ;Õ) for a suitable relative covering (W, W ′ ) of the pair (Q n , Q n \D n ), whereÕ is the sheaf of slowly increasing holomorphic functions on Q n = D n + iR n and D n = R n ∪ S n−1 ∞ is the radial compactification of R n (see [11, 2] ). In the case of hyperfunctions and Fourier hyperfunctions, the edge of the wedge theorem tells us when the above sum is zero. Note that H n (W, W ′ ;Õ) can be expressed as the following quotient space (see [10] )
This denominator appears in the general edge of the wedge theorem for Fourier hyperfunctions (see [22] 
where we put
The above statement is Martineau's version of the EOW theorem [12, 13, 14] . Note that conversely, for the functions F j defined by (1.3) with functions H jk satisfying relation (1.4), the sum
is reduced to zero and defines the zero Fourier hyperfunction.
When m = 2, we have Epstein's version of the EOW theorem [5] , i.e., if F j ∈Õ(W j ) (j = 1, 2) define the same Fourier hyperfunction, then In our recent investigations of relativistic quantum field theory with a fundamental length (see [3, 4, 20, 21] ) we need a version of the edge of the wedge theorem for tempered ultra-hyperfunctions and it is this version which is treated in this article.
Preliminaries

2.1.
Global and local versions of the EOW Theorem. In these preliminary considerations we put the global and the local forms of the edge of the wedge theorems for hyperfunctions and ultra-hyperfunctions into the perspective of cohomology theory.
Let us recall the global form of this theorem for hyperfunctions (For simplicity and our intended application to quantum field theory, we consider in this paper only Bogoliubov's version for Γ = V + ):
Let V + ⊂ R 4 denote the forward light-cone; suppose that F 1 is an analytic function in T (V + ) = R 4 + iV + and F 2 an analytic function in
The local form of the EOW theorem for hyperfunction can be formulated as follows. Let U be an open set in R n and V an open set in C n such that U = V ∩ R n . Then we have the canonical restriction map
where O is the sheaf of holomorphic functions on
is independent of the complex neighborhood V of U by the excision theorem, and the presheaf {U → H n U (V, O)} is the sheaf of hyperfunctions on R n which is often denoted by B. The local form of the EOW theorem now reads (we use the notation from above):
If f 1 = f 2 in U (or the restrictions f j|U (j = 1, 2) coincide or the support of f 1 − f 2 is contained in the complement of U), then F j are analytically continued to each other through U.
There are two ways to treat the EOW theorem; the functional method (see [9] ) and the cohomological method (see [17, 10] ). The functional method uses the notion of the analytic wave front set W F a (f ) of hyperfunctions f on R n × (R n \{0}) and the decomposition of W F a (f ). The colomological method uses the notion of the flabby sheaf C of micro functions on R n × S n−1 and the exact sequence
where A is the sheaf of real analytic functions on R n and π * C is the direct image of C under the projection π : R n × S n−1 → R n , i.e., the sheaf on R n defined by the correspondence
Finally we comment on the difficulties for the EOW for tempered ultrahyperfunctions.
. . , n}, E j = {y ∈ R n ; |y j | > k} are relative covering of (C n , C n \ T (K) (see [8, 18] ). Hyperfunctions are localized in a relatively open set U of the closed set R n in C n by the formula (2.1). On the other hand, tempered ultrahyperfunctions may be localized in a relatively open set U of the closed set T (K) of C n , but not in a relatively open set U of the closed set R n in C n . This is the reason why tempered ultra-hyperfunctions have no (standard) localization property in R n . In [3, 20, 4] this property has been successfully applied to axiomatic quantum field theory in order to formulate such a theory with a fundamental length.
The global form of the edge of the wedge theorem for tempered ultra-hyperfunctions reads: Let Γ = {y ∈ R n ; y j > k, j = 1, . . . , n}. If F 1 is a polynomially increasing holomorphic function in T (Γ) and F 2 a polynomially increasing holomorphic function in T (−Γ), then these functions F i (i = 1, 2) define tempered ultra-hyperfunctions f i and if f 1 = f 2 , then F i are analytically continued to a polynomial F (see [18] ).
Remark 2.1. It is interesting to note that even though T (Γ) and T (−Γ) are separated by a gap of size 2 √ nk the functions F 1 and F 2 are analytically continued to each other! At first sight this seems to be quite surprising. However, from the point of view of the cohomological definition of ultra-hyperfunctions, this result is not so surprising, since H n (W, W ′ ; O 0 ) has the following representation
where
and the denominator of this representation then shows this result. We explain this in more detail in the next subsection for the one dimensional case. The cohomological treatment of ultra-hyperfunctions is given in [15, 16] and the above representation was presented in [18] . The global form of the EOW theorem for tempered ultra-hyperfunctions has been shown in [24] and some preliminary version in [6, 7] . In the functional method [9] , Hörmander used a kernel K(z) defined by
to prove the edge of the wedge theorem. For the proof of the local form of the EOW theorem for tempered ultra-hyperfunctions we also use the functional method with some modification K r (z) = r −n K(z/r) of this kernel K(z) for r > 0.
The local form of the edge of the wedge theorem for hyperfunction has the following formulation (F j and f j are related as in the above results): If f 1 = f 2 in an open set O, then F 1 and F 2 are analytically continued to each other through O.
Since tempered ultra-hyperfunctions have no localization property, it is not easy to formulate a local form of the edge of the wedge theorem. In this paper, we suggest a formulation of the local version of the edge of the wedge theorem by using the notion of a carrier. Remark 2.2. For the one dimensional case, the Cauchy-Hilbert transformation (2.6) gives the isomorphism of the space O(L)
′ of analytic functionals with carriers in L onto the relative cohomology group of covering (2.7) of the pair (C, C\L). But for the multi dimensional case, we need the additional assumption to have the expression of the space O(L)
′ of analytic functionals with carriers in a compact set L ⊂ C n as a collection of holomorphic functions. In fact, the isomorphism of the space O(L) ′ of analytic functionals with carriers in a compact set [18] ), and the iso- [19] ). In the case of hyperfunctions, a compact set L ⊂ R n satisfies condition a) and there exists a relative covering (W, W ′ ) of the pair (C n , C n \ L) which satisfies condition b) (see [10, 19] ). But in the case of analytic functional O(L) ′ , conditions a) and b) may not necessarily be satisfied for some compact set L ⊂ C n and any relative covering (W, W ′ ) of the pair (C n , C n \L). Therefore, in this paper we employ the functional method.
The main result in this regard is Corollary 4.3 which has an intimate connection to axiomatic quantum field theory with a fundamental length (see [21] ). This corollary says that if
2.2. The one dimensional case. In order to explain the basic idea of our strategy of proof for the local version of the EOW theorem for tempered ultrahyperfunctions, we illustrate it here for the technically much simpler case of one dimension. And we prepare this with explaining the proof for hyperfunctions in one variable. The space of hyperfunctions of one variable is the quotient space
Let F 1 (resp. F 2 ) be a holomorphic function in the upper (resp. lower) half plane. Then the pair of functions (
Thus the EOW theorem automatically follows from the cohomological definition of hyperfunctions.
The local version of the EOW theorem for hyperfunctions is also a direct consequence of the cohomological definition of hyperfunctions on an open set U of R:
where V is a complex neighborhood of U such that U = V ∩ R.
Now consider the case of tempered ultra-hyperfunctions. Denote K = [−k, k] for k > 0 and T (K) = {z ∈ C; |Im z| ≤ k}. Note that formula (2.2) shows that any tempered ultra-hyperfunction f ∈ T (T (R)) ′ can be expressed as an element of the space
be a polynomially increasing holomorphic function in {z ∈ C; Im z > k} (resp. {z ∈ C; −Im z > k}). Then the pair of functions (
Thus the global form of the EOW theorem for tempered ultra-hyperfunctions automatically follows from the cohomological definition of tempered ultra-hyperfunctions.
Since the notion of localization for ultra-hyperfunctions is not available in the above sense, there is no literature about the local version of the EOW theorem for ultra-hyperfunctions. The notion of localization for generalized functions has an intimate connection with the notion of support. However, ultra-hyperfunctions have no supports in general, but they are a special kind of analytic functionals and have carriers. 
be the space of hyperfunctions with supports in K, which is isomorphic to the space of analytic functionals with carriers in K:
Every F ∈ O(C\K) defines a functional on the space of functions φ which are holomorphic in a complex neighborhood V of K by the formula
where C is a closed path that encircles K once in the positive direction.
and one has the estimate (2.5)
and f be an analytic functional with carrier L. Then the Cauchy-Hilbert transformation F of f is defined by
it is an element of
e., the space of tempered ultra-hyperfunctions with carriers in L, and it reproduces the functional f by formula (2.4) with a closed path C that encircles L, i.e., This difference can also be understood through cohomological considerations. Let U be an open set in R such that [a, b] ∩ U = ∅ and U = V ∩ R for an open set V in C. In the case of hyperfunctions, we have the restriction
But for the case of ultra-hyperfunctions, we have
Now we study the EOW theorem by using Hörmander's kernel K(z). First, recall that Dirac's δ function can be expressed as follows:
e ξ + e −ξ dξ. Now introduce the function K(z) of (2.3) for n = 1:
where cosech ξ = 2 e ξ − e −ξ . Since the difference between (1/4)icosech πz/2 and −1/(2πiz) is holomorphic function in {z ∈ C; |Im z| < 1}, formula (2.8) is equivalent to the famous formula
The singular points of sech ξ are ξ = i(1 + 2n)π/2 n = 0, ±1, ±2, . . . and those of K(z) are z = i(1 + 2n) n = 0, ±1, ±2, . . .. Therefore we have, for φ ∈ T (T (R)) and 0 < R ≤ 1
Then we can reformulate the above relation as
Let Γ 1 = {y ∈ R; y > ℓ} and Γ 2 = {y ∈ R; −y > ℓ}. Given F j ∈ O 0 (T (Γ j )) denote by u j the tempered ultra-hyperfunction defined by
for y ∈ Γ j . Choose r > ℓ and define
Note that (2.9) implies
|Im z| < r − ℓ}, and the two functions U 1 , U 2 are continued to a function U which is analytic in V 1 ∪ V 2 = C. Now introduce the function
clearly H is an entire function, and we have for y ∈ Γ 1 , φ ∈ T (T (R)), and ℓ − r ≤ σ < ℓ
where we used the fact that U(z) = U 1 (z) for Im z > ℓ − r and relation (2.10), hence
for φ ∈ T (T (R)). This shows that H(z) = F 1 (z) in T (Γ 1 ), and in the same way we get H(z) = F 2 (z) in T (Γ 2 ). This proves the global form of the EOW theorem for tempered ultra-hyperfunctions of one variable. Next we discuss the local version. To this end assume that the carrier
This will lead to the local form of the EOW theorem.
Introduce the function U 12 by
Since the singular points of K r (z) are z = i(1+2n)r, n = 0, ±1, ±2, . . .,
Therefore, in the same way as in the global case, U 1 (z) can be analytically continued to a function U ′ 1 (z) which is holomorphic in Z and F 1 (z) can be analytically continued to H 1 (z) = ω=±1 U ′ 1 (z + irω) which is holomorphic in Z. In the same way, F 2 (z) can be analytically continued to H 2 (z) which is holomorphic in Z. In order to show H 1 (z) = H 2 (z) in Z, we introduce a path C = C 1 + . . . + C 5 consisting of line segments Figure 1 . The path of integration C = C 1 + C 2 + C 3 + C 4 + C 5 ξ < a − 2ℓ or ξ > b + 2ℓ. Then we have
as t → 0+. Here we used the fact that if |ξ − Re z| > |Im z|, |E
as t → 0+. Moreover, we find
and consequently there exists a function H which is holomorphic in C\L and which is the common extension of F 1 and F 2 . Therefore F 1 and F 2 have the common extension H ∈ O 0 (C\L), and H is an element of H 1 L (C, O 0 ) of (2.7). It is interesting to note that the cohomology group H 1 L (C, O 0 ) of tempered ultra-hyperfunctions with carriers in L appears again here in the argument of EOW theorem using the kernel K r (z).
Global edge of the wedge theorem
In this section we prove the global version of EOW theorem in higher dimension using the functional method. This will help in understanding the proof of the local version.
First we recall the test-function space T (T (R n )) of tempered ultrahyperfunction. Let T (A) = R n + iA for A ⊂ R n . Let K ⊂ R n be a convex compact set and T b (T (K)) the set of continuous functions on T (K) which are holomorphic in the interior of T (K) and satisfy
There is a natural restriction mapping P K,L :
Definition 3.1. T (T (R n )) is the projective limit
, where K runs through the convex compact sets in R n .
It is known that the kernel K(z) of (2.3) is a rapidly decreasing holomorphic function in {z ∈ C n ; |Im z| 2 < 1 + |Re z| 2 } (see [22] ), and the following lemma holds (see [23] ).
Lemma 3.2. For any 0 < R ≤ 1 and φ ∈ T (T (R n )) one has
Proof. Consider the Fourier transformφ of φ and note that it can be represented aŝ
Thus we get
is a rapidly decreasing holomorphic function in {z ∈ C n ; |Im z/r| 2 < 1 + |Re z/r| 2 } = {z ∈ C n ; |Im z| 2 < r 2 + |Re z| 2 }, and for 0 < R ≤ r, the identity
Proof. A straightforward calculation yields
Thus we can remove the restriction R ≤ 1. 
Now we can state the global form of the edge of the wedge theorem for tempered ultra-hyperfunctions. Proof. Note first that u 1 (φ) (resp. u 2 (φ)) does not depend on the path C η j j (resp. C −η j j ). This can be proved by applying Cauchy's integral theorem n times. Let r > ℓ. Observe that the function U 1 defined by
for η ∈ Γ, is analytic in
⊃ {z ∈ C n ; dist (Im z, ℓe) < r} ⊃ {z ∈ C n ; |Im z| < r − ℓ} and similarly U 2 (z) = u 2 * K r (z) is analytic in
⊃ {z ∈ C n ; dist (Im z, −ℓe) < r} ⊃ {z ∈ C n ; |Im z| < r − ℓ}.
Corollary 3.3 implies
is analytically continued to the convex envelope of V 1 ∪V 2 by Bochner's theorem on tublar domains (see [25] ). Since the convex envelope of V 1 ∪ V 2 is entire space C n , U(z) is analytically continued to an entire function. The function H,
is an entire function which satisfies
for 0 < σ ≤ r − ℓ, where we used the fact that U(z) = U 1 (z) in {z ∈ C n ; |Im z| < r − ℓ} and Relation (3.1). Thus we have
for φ ∈ T (T (R n )). This shows that H(z) = F 1 (z) in T (Γ), and in the same way we get H(z) = F 2 (z) in T (−Γ). Thus F 1 (z) and F 2 (z) are analytically continued to an entire function H(z). This completes the proof.
Local edge of the wedge theorem
We begin by proving a regularization result for tempered ultrahyperfunctions using the kernel K r . Proposition 4.1. Let L be an open set in {w ∈ C n ; |Im w| < r} and
Furthermore, introduce the function (4.1) g r (x) = inf{ r 2 + |x − Re w| 2 − |Im w|; w ∈ L}.
Then the following inclusion is valid.
Proof. Since K r (z) is a rapidly decreasing holomorphic function in {z ∈ C n ; |Im z| 2 < r 2 + |Re z| 2 }, if z ∈ Z, K r (z − w) is a rapidly decreasing holomorphic function of w in a neighborhood of L. The inclusion (4.2) can be shown as follows: Proof. We use the same notation as in Theorem 3.5. Then U 1 (z) = u 1 * K r (z) is analytic in
⊃ {x ∈ R n ; g r (x) > r + δ} ×i ({y ∈ R n ; dist (y, Γ) < r} ∪ ({y ∈ R n ; dist (y, −Γ) < r} ∩ B r+δ )) = {x ∈ R n ; g r (x) > r + δ} × i ({y ∈ R n ; dist (y, Γ) < r} ∪ B r+δ ) for any r + δ < √ 2r + ℓ, where B r = {y ∈ R n ; |y| < r} (see Figure  2) . Note that if r > ℓ/( √ 2 − 1) then there exists δ > 0 such that r + δ < √ 2r + ℓ.
then ∩ |ω|=1 (W r,δ + rω) strictly contains the set Γ, and if δ > 0 then ∩ |ω|=1 (W r,δ + rω) contains a connected setΓ δ containing Γ and an open ball B δ (see Figure 3) .
length: As before, consider
which contains the sets T (Γ) and
This implies
This shows
for φ ∈ T (T (R n )) and therefore H 1 (z) = F 1 (z) in T (Γ) and F 1 (z) is analytically continued to {x ∈ R n ; g r (x) > r + δ} + iΓ δ .
In the same way we get H 2 (z) = F 2 (z) in T (−Γ) and F 2 (z) is analytically continued to {x ∈ R n ; g r (x) > r + δ} − iΓ δ .
In order to show H 1 (z) = H 2 (z), we choose a surface S 1 contained in the domain of the holomorphy of H 1 (z) such that
Note that the open ball with center ξ and radius 2ℓ is contained in O, B 2ℓ (ξ) ⊂ O ⊂ S 1 . Then, for ξ ∈ Q,
as t → 0+. Since
and for z ∈ S 1 \B 2ℓ (ξ),
we get
as t → 0+, where we used the relation (ξ − x) 2 ≥ 4ℓ 2 and consequently,
In the same way we get
Let x ∈ O = {x ∈ R n ; g r (x) > r}. Then r 2 + |x − Re w| 2 − |Im w| > r for any w ∈ L, that is, |x − Re w| > 0. Let ξ ∈ Q. Then |ξ − Re w| > 2ℓ for any w ∈ L and
Thus H 1 (z) and H 2 (z) are analytically continued to each other. This completes the proof.
The following corollary is used in [21] .
; ∃ x ∈ V |Re w − x| + |Im w| 1 < ℓ}, where V is the light-cone and |y| 1 = |y 0 | + |y|. Assume that u 1 − u 2 ∈ T (L) ′ . Then F i (z) (i = 1, 2) are analytically continued to the set Proof. Observe that g r (x) ≤ inf{ r 2 + |x − Re w| 2 − |Im w|; (w ∈ L) ∧ (Re w ∈ V )} = inf{ r 2 + |x − u| 2 − ℓ; u ∈ V } = r 2 + y 2 − ℓ, where y = dist (x, V ). Then g r (x) > r implies r 2 + y 2 > r + ℓ and y 2 > ℓ(2r + ℓ). Since we can choose r > ℓ/( √ 2 − 1) arbitrarily close to ℓ/( √ 2 − 1), we have y 2 > ( √ 2 + 1) 2 ℓ 2 . This completes the proof. (ζ 1 , . . . , ζ n−1 ) = W n−1 (ζ 1 , . . . , ζ j−1 + ζ j , −ζ j , ζ j + ζ j+1 , . . . , ζ n−1 ). Then F 1 and F 2 satisfy the assumptions of Corollary 4.3 and F i (z) (i = 1, 2) are analytically continued to the set (4.3) and coincide there. But in [21] it is shown that W n−1 (ξ j , g {x ∈ R n ; dist (x,V ) > ℓ}.
So, we might expect that F i (z) (i = 1, 2) are analytically continued to each other through the set (4.4). We can show that u 1 − u 2 is analytic in the set (4.4) as follows. If x belongs to the set (4.4), then there exists δ > 0 such that |x − Re w| > |Im w| + δ for all w ∈ L, and therefore we have g r (x) > r + δ for sufficiently small r > 0 (see (4.1)). Then U 12 (z) = (u 1 − u 2 ) * K r (z) is holomorphic in the set (4.2) which contains the set {z = x + iy ∈ C n ; |y| < r + δ, dist (x,V ) > ℓ}, (see (4.2)) and therefore
is holomorpic in the set {z = x + iy ∈ C n ; |y| < δ, dist (x,V ) > ℓ}, which shows that u 1 − u 2 is analytic in the set (4.4). But in order to show that F i (z) (i = 1, 2) are analytically continued to each other by our method, V 1 ∪ V 2 must contain B r+δ for some δ > 0, and therefore √ 2r − ℓ > r must be hold (see figure 2) , i.e., r > ℓ/( √ 2 − 1). This is the reason why our method can only show that F i (z) (i = 1, 2) are analytically continued to each other through the set (4.3).
